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1. INTR~DLJCTI~N 
In this paper, we deal with multicriteria decision problems whose 
domination structure is a fixed convex set D. The significance of this 
problem has been explained in [ 11. First of all, we derive several equivalence 
results. Under D an opened convex set we prove that the above problem is 
equivalent o a multicriteria decision problem whose domination structure is 
the tangent cone to D at zero. Further, we obtain a scalar theorem, a 
Lagrange multiplier theorem and the Kuhn-Tucker condition. 
Suppose that X, Y, Z are Banach spaces over R, f mapping from X into Y 
and g mapping from X into Z. Let D c Y be a nonempty convex set with 
0 E 80, where aD is the boundary of D, B c Z a closed convex cone and 
i2 c X a convex set. 
We consider the multicriteria decision problem (MDP): 
(1) 
whereA={xEX]g(x)EB,xEQ}. 
DEFINITION 1. Let C be a subset of Y. y, E C will be said to be a 
nondominated point of C if y E Y, y # y,, y, --y E D 3 y c C. 
x0 E A will be said to be a nondominated solution of problem (1) if 
x E-W-(x) zfb,Mx,) -f(x) E D z-x c A- 
We denote the set of nondominated points of C by gN(C, D). 
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2. EQUIVALENCE AND SCALAR 
Now we derive several equivalence results. 
PROPOSITION 1. Let C be a subset of Y, D c Y a nonempty convex set 
satisfying 0 E 80. Then y, is a nondominated point of C # 
Q” -D u {O}) n C = {y”}. 
Proof. Necessity. Let y” be a nondominated point of C. Suppose that 
yE (y”-DU{O})nC and yfy ‘. Then y E C and there exists d E D, 
d#O such that y=y”-d, that is, y”-y=dED and y’fy. By 
Definition 1, this contradicts that y” is a nondominated point of C. Therefore 
(y”-Du {O})nC= {y”}. 
Sufficiency. Let (y” -D U (0)) n C = { y”}. Suppose that y” is not a 
nondominated point of C. Then there exist y E C, y # y” and d E D\{O} such 
that y” -y E D and y = y” - d. Therefore, y E (y” -D U (0}) n C and 
y #y”. This leads to a contradiction. 
Let Cc Y be a convex set. For any d E D\{O} we set 
C(d)= {y+~dIP>O,y~Cl. 
Then C(d) is the convex set and C c C(d). 
PROPOSITION 2. Let Cc Y be a convex set, D a nonempty opened set 
satisfying 0 E 30. Then for any point d E D we have 
MC, D) = gN(W), 0). 
Proof. Let y” E gN(C, 0). Without loss of generality we can suppose 
that y” = 0. Thus by Proposition 1, we have (-D U {0}) n C = {O}. Since 
0 ?? D, then (-D) n C = 0. By the separation theorem for convex sets there 
exists a continuous linear functional rp E Y’, where Y’ is the topological dual 
of Y, such that 
v(v) G 0 if v E -D, 
rp(u) a 0 if u E C. 
Suppose that 17 E -D satisfying ~(6) = 0. Because D is opened, there 
exists a neighborhood N(5) of U such that N(B) c -D. Since v, is the 
continuous linear functional, there exists v, E N(U) such that (D(v~) >
o(V) = 0. This leads to a contradiction. Thus we have 
VP(V) < 0 if v E -D, 
(D(u) 2 0 if u E C. 
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Assume that 0 5 gN(C(d), D). By Proposition 1, there exists 
y’ E (-D) n C(d) and y’ # 0. Thus there exist jr E C and p > 0, such that 
y’ = J + pd. Because D and C(d) are convex, 
(0, y’] = {ay’ IO < a < 1 } c (-D) n C(d), 
thatis,a(p+@)E(-D)nC(d),O<a<l.Thus 
0 > rp(Cry + aPd) = aco( 7) + a&(d). 
Since a > 0, thus p(J) < -j@(d) =/?q(-d) < 0. In view of jjE C, this leads 
to a contradiction. Hence, 0 E gN(C(d), D), that is, gN(C, D) c gN(C(d), 0). 
Suppose that y, E gN(C(d), 0). If y, c gN(C, D), then there exist y’ E C 
and dED such that y,--y’=dED. Thus y’E(y,-DU{O})nC and 
y’ # yO. Therefore, y’ E ( y0 - D U { 0}) f7 C(d) and y ’ # y,, . This contradicts 
Proposition 1. Thus-gN(C(d), D) c gN(C, 0). 
Let C c Y, y, E C. The tangent cone to C at y, is defined to be the set of 
limits of the form h = lim a,(y, - y,,) with {a,} a sequence of nonnegative 
real numbers and { y,} c C a sequence wjth limit y,. It is denoted 7’(C, y,,). 
We denote the interior of T(D, 0) by T 
LEMMA 1. Let D be a nonempty opened convex set of Y with 0 E BD. 
Suppose that in f, then 
{aiIO<a,<l}nD#QI. 
ProojI If that is not true, then (ail 0 < a < 1) n D = 0. Set 
L = {ai 10 < a < 1 }; by the separation theorem for convex sets, there exists a 
continuous linear functional w E Y’, such that 
v(t) a 0 if t E D, 
VW G 0 if tEL. 
Since IE f, there exist an open ball N(o c ? and t, E N(Q such that 
I < ~(9. Hence, there exist a sequence (tk} c D, tk + 0 and a sequence of 
nonnegative real numbers (ak} with limit +a~, such that t, = lim,,, aktk 
and ty(tl) = lim,,, akv(tk). Since ty(t”) > 0 for all k, we have y(t,) > 0. On 
the other hand, since iE L and ~(9 < 0, we have y(tl) < ~(0 Q 0. This 
leads to a contradiction. Thus L n D # 0. 
THEOREM 1. Let C be a convex set of Y, D a nonempty opened convex 
set of Y with 0 E aD. Then 
gN(C, D) = gN(C, f). 
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By Proposition 1, it is equivalent to (y, - D U (0)) n C = ( y,} iff 
(.h- fu vNnc= {Y,}. 
Proof SufJiciencyd Suppose that (y,-+U{O})nC=(y,} since 
yo-DU{O)cy,-TU(O} and y,EC. Therefore, (y,-DU{O))n 
c = iY,l* 
Necessity. Without loss of generality we can suppose that y,, = 0. Thus, 
for necessity we suppose that (-D U {0)) n C = (0). We will prove that 
(-?u {0)) n C = (0). Suppose that y1 E (-fU (01) n C and y, # 0; then 
y,E(-f)nC. Set L={yly=ay,, O<a<l}. By Lemmal, we have 
L n (-D) # 0. Let y’ E L n (-D); then y’ # 0. Since y, E C and C is the 
convex set, then L = (0 y,] c C and (0 y’] c C. Thus y’ E (-D) n C. 
This contradicts that (-DU (0))n C = (0). Thus we obtain 
(-fu {O})nC= (0). 
Let C be a set of Y, we set 
C’ = (a, E Y’ / q(y) < 0, vy E C}. 
PROPOSITION 3. Let D be a nonempty opened convex set of Y with 
0 E aD, T the interior of the tangent cone to D at 0; then D’ = T+. 
Proof Obviously, ?+ c D + . Suppose that a, E D ‘. For every t E 9, by 
Lemma 1, we have (0 t] n D # 0. Then there exist d E (0 t] n D and 
a > 0 such that t = ad. Thus p(t) = p(ad) = acp(d) > 0. 
THEOREM 2. Let D be a convex set of Y with 0 E 80 and a nonempty 
interior 6. For the multicriteria decision problem (l), the following results 
hold: 
(a) Suppose that there exists a continuous linear functional cp E Y’ 
satisfying q(d) > 0 for all d E D\(O) such that X E A is an optimal solution 
of the following optimization problem P(p): 
yi$ df (x)); 
then X is a nondominated solution of problem (1). 
(b) Let f(A) be a convex set of Y, z? a nondominated solution of 
problem (1). Then there exists0 a continuous linear functional rp E Dt 
satisfying p(d) > 0 for all d E D such that ff is a optimal solution of the 
problem P(q). 
Proof. Suppose that the conditions of (a) hold. If X is not a 
nondominated solution of (l), then by Definition 1, there exist d E D\{O} 
and x E A such that f(Z) -f(x) = d E D. Thus we have 
d.f(x)) = &f(x)) + cp(4 
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Since q(d) > 0 for all d E D\{O}, then e$f(f)) > q(f(x)). This contradicts 
that X is a optimal solution of P(q). 
Suppose that the conditions of (b) hold. Suppose that 3 is a nondominated 
solution of (1). By Proposition 1, we have 
Since 0 E 30, then 
(@)-4)clf(A)=@. 
By the separation theorem for convex sets, there exists (p E Y’ such that 
P(V) <r if vEf@)-5, 
v(u) 2 r if uEf(A). 
Since f(Z) E f(A), for every d E 6 and u = f(2) - d we have 
Thus p(d) > 0 for all d E 6. Since D is a convex set, we have q(d) > 0 for 
all d E D, that is, a, E D +. Assume that for some d, E 6, rp(d,) = 0. Since L? 
is open, there exist an open ball N(d,) c D and d, E N(d,) such thft rp(d,) < 
p(d,) = 0. This contradicts v, E D +. Thus q(d) > 0 for all d E D. If there 
exists a > 0, such that q(f(f)) - r= a > 0, then for all d E 6 and 
v = f(2) - d E f(x) - 4, the following inequality holds: 
Choose a point do E, 4, since 0 E D and D is a convex set; then (0 d, ] = 
{Id, 10 < i < 1 } c D. For every real number 2: 0 < x < a/q(d,,) we have 
Id,, E L! and &do) = %p(d,,) < a. This leads to a contradiction. Thus a = 0, 
that is, o(f(X)) = r. In view of f(Z) Ef(A), we obtain p(f(2)) = 
mmXEA q(f(x)), where v, E D+ satisfying q(d) > 0 for all d E D. 
3. LAGRANGE MULTIPLIER THEOREM 
Let g be a mapping from X into 2. g will be said to be a B-concave 
mapping if for any real number a: 0 < a < 1, and x1, x2 E X, 
&xl + Cl- a) 4 E (ad-d + (1 - a> d4) + B. 
For the multicriteria decision problem (l), suppose that D is a convex set 
of Y with 0 E 80 and nonempty interior, B c Z a closed convex cone with 
the nonempty interior, g a B-concave mapping, and Q c X a convex set. 
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Then the constraint set A = {x E X ] g(x) E B, x E a} is the convex set of X. 
We have the following Lagrange multiplier theorem. 
THEOREM 3. Let f (A) be a convex set of Y. Assume that there exists a 
point x0 E A such that g(x,,) E B”. Let X be a nondominated solution of 
problem (1). Then there exists a continuous linear mapping M: Z + Y, such 
that M(B) c T U {0}, M o g(f) = 0, and 
rp(ft-f) + M 0 g(2)) < dftx) + M 0 g(x)> for all x E J2. 
ProoJ Suppose that x is a nondominated solution of (1). By 
Theorem 2(b), there exists a, E D+ satisfying q(d) > 0 for all d E 6, such 
that 
dfW> = y2 ul(f(x>>, 
where A = {xEXIg(x)EB,xEQ). 
The standard Lagrange multiplier theorem ([4, Remark 1.41) guarantees 
that u ’ E B ’ exists with u + (g(f)) = 0 and 
v(f(f>) < df(x>> + u + t g(x)) for all x E R. 
Choose do 4. Let the mapping M: Z + Y, be defined by M(z) = 
u,+(z)qy,(d). s ince u+(z) > 0 for all z E B and (p(J) > 0, then M(B) c 
TV {0}, M o g(f) = 0 and M is the continuous linear mapping. Since 
u + (g(X)) = 0 and rp(M 0 g(x)) = o(u + (g(x) d/p(d))) = u ’ (g(x)). Thus, 
co(ftf) + M 0 g(f)> < dftx> + M 0 g(x)> for all x E 0. 
COROLLARY 1. Let D c Y be a nonempty open convex set with 0 E aD. 
Let the conditions of Theorem 3 hold. Then there exists a continuous linear 
mapping M:Z+Y, such that M(B)c*U{O}, Mog(f)=O and X is a 
nondominated solution of the unconstrained multicriteria decision problem 
(UMDP) 
yj,y (f (x> + M 0 g(x)). 
Proof By Theorem 3, in view of D,= 6, there exists a continuous linear 
mapping M: Z + Y, such that M(B) c T U {0}, M 0 g(x) = 0 and 
df @I + M 0 g(z)) < df (x) + M 0 g(x)> for all x E R, 
where ylED+ satisfying q(d) > 0 for all d E D. By Theorem 2(a), X is a 
nondominated solution of the following unconstrained problem: 
I$;; (f (xl + M 0 g(x)>. 
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4. KUHN-TUCKER CONDITION 
Consider now the multicriteria decision problem (P) 
where f: X + Y, g: X + Z are Frechet differentiable mapping, g is B-concave, 
B c Z a closed convex cone, R c X a convex set and A = 
{xEXI g(x)EB,xE8). 
DEFINITION 3. The generalized constraint condition on g is said to hold 
at 2 if there exists some closed convex cone G such that G n K c T(A, X), 
where K = {h 1 g’(x)(h) E P(B, g(2))) and P(B, g(f)) is the closed convex 
hull of T(B, g(2)). We set 
ff= {u’(g’(f)) I u + E P+ (B, g(f))}. 
By Proposition 7 of [ 31, I? = K+ . 
DEFINITION 4. Assume that K and G satisfy the generalized constraint 
condition. H(G) is said to hold when 
(a) Kt + G+ is closed, 
(b) H is closed. 
PROPOSITION 4. Let C be a set of Y and y,, E C a nondominatedpoint of 
C, D a convex set of Y with 0 E aD, then 
qc, YJ n (-4) = 0. 
Proof: Suppose that y E T(C, y,) n (-6). Since 0 c 4, then y # 0. There 
exist a sequence { yk} c C with limit y, and a sequence of nonnegative real 
numbers {a,), such that lim,,, CQ( yk - to) = y. Since y is a interior point of 
-D, there exist an open ball N(y) c -D and some positive integer number 
k; such that if k > k we have (xk( yk - y,) E N(y). Choose k, > k, such that 
ok, > 1 and yko # y, (since y # 0 and ak + +co, this k, can be chosen). Thus 
there exists d, E 5 such that ako( yko - y,) = - d,, y, - ykO = d,/akO. Since 
0 E aD and D is a convex set, then 
(0 d,]={d=ad,/O<a<l}cti. 
Thus d,/akO E 6. This contradicts that y, is a nondominated point of C. 
THEOREM 4. Let X be a nondominated solution of the prtblem (P). Let 
D c Y be a convex set with 0 E 30 and a nonempty interior D. Assume that 
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f(A) is a convex set and G satisfies the generalized constraint condition with 
H(G) holding. Then there exist v, E D’+ satisfying q(d) > 0 for all d E 5 and 
ZJ + E Pt (B, g(f)), such that 
u,of’(f)-u+ 0 g’@)EG+. 
Proof: By Proposition 4 we have TV(A), f(Z)) n (-d) = 0. Since f(A) 
is a convex set, then TV(A), f(X)) is a convex cone. By the separation 
theorem for convex sets there exists a continuous linear functional a, E Y’, 
such that 
fP(v) < r if v&--d, 
0) 2 r if u E TV(A), f(2)). 
If ther%exists a point d, E d, such that p(-d,) = r < 0. Since 0 E ~30, then 
Id, E D for all A: 0 < A < 1. Choose 0 < Ai < min(</r, l), we have 
rp(-&d,) = L,q$-d,) > c/r. cp(-d,) = <. Since -l,d, E -5, it is a 
contradiction. Hence we have < > 0. Since 0 E T(f(A), f(f)), then < < 0. 
Thus it is necessary that < = 0. Because D is a convex set, q(d) > 0 for all 
d E D, that is, a, E D + and p(d) > 0 for all d E 4. By Proposition 6 of [3], 
f’(-WV~ 9) = W(A), f(4). 
Since the generalized constraint condition G f7 K c T(A, R) holding, then 
f’(x)(G n W = W(A)> .tV>>. 
Hence we have q(u) > 0 if u Ef’@)(G f7 K), that is, 
v, 0 f’(f)(h) 2 0 if hEGnK. 
Since the hypothesis H(G) holds and by [6], we have 
u,of’(.f)E (KnG)‘=K+ +G+. 
Observe that Kt = H = {u’ 0 g’(2) ] at E Pt (B, g(2))); thus we obtain 
cpof’(f)-u+ 0 g’(.?)EG+, 
where v, E D+ satisfying p(d) > 0 for all d E 4 and u ’ E Pt (B, g(2)). 
For example, if T E L(X, Z), z,, E Z, then the problem 
Min {f(x); T(x) = z,,}, 
with affine constraints, may be obtained from the problem (P) for 
Q=X,B={O} andg(x)=T(x)-z,,,VxEX. 
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The Frtchet differentiability condition is satisfied and g’(x) = T. Also, we 
observe that P(B, g(f)) = {O}; hence K = ker T, H = Range(T*) and 
T(A, X) = ker T. Therefore, suppose that f(A) is a convex set; the hypotheses 
of Theorem 4 are satisfied for G =X. 
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